
JGP - Vol.2, n. 2, 1985.

A generalization
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Abstract.For a symplecticmanifold thePoissonbracketon thespaceoffunctions
is (uniquely)extendedto a gradedLie bracketon the spaceof differential forms
modulo exactforms.A large portion of theHamiltonianformalismis still working.

Let (M, w) be a symplecticmanifold.Then thereis an exactsequenceof Lie

algebrasandLie algebrahomomorphisms

0 -~ H°(M)-~ C~(M)~ = ~(M) —+ H’(M) -~ 0,

where H°(M), H
1(M) are the de Rhamcohomologyspaces,~ =

0(M) is the
space of all vector fields X with 0 (X)w = 0 (Lie derivative),a Lie subalgebra

of the space~((M)of all vectorfields.C(M) is equippedwith thePoissonbracket
}, andH(f) is the Hamiltonianvectorfield for thegeneratingfunctionf. ‘y(x)

is thecohomologyclassof i(X)w (insertion).
We will presentthe following generalisation:Thereis anexactsequence

H
~ TM)_.._~÷H*~(M)eF(E~)~÷0,
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where f2(M) is the algebraof all differential forms,B(M) is the subspaceof exact

forms,&2~()W_O(M; TM) is the spaceof all TM-valueddifferential forms K with
O(K)w = 0 (Lie derivative, see §1), and where E~is a sub vector bundle of

AT*M ® TM, consisting of all those K with i(K)w = 0 (insertion, see § 1).

is a graded Lie algebra with the FrölicherNijenhuis bracket
1. On ~l(M)/B(M) thereis the generalizedPoissonbracket , } which makes

~TZ(M)/B(M) into a graded Lie algebra.H is thegeneralizedHamiltonianmapping,

which is a homomorphismof graded Lie algebras.On H*(M) on the left hand
side and on H*+~(M) on the right hand side we may put the zero braket,but

on F(E~)thereis no compatiblegraded Lie bracket.For the full statmentof
theresult seetheorem4.6 at theendof the paper.

These results depend heavily on the propertiesof the Frölicher Nijenhuis

bracket.The first section is a short presentationof these,which are due to [I].
There are also some new formulas (1.8, 1 .9), which are not exxential for the

following. The second section presentsthe usual Hamiltonian formalism with
proofs in the form in which it will be generalizedlater. The referencehere is

1. Section 3 is devoted to the generalizedHamiltonian mapping. Section 4
containsthe generalizedPoissonbracket.

I want to thank G. Kainz, J. Kijowski, A. Trautmanand H. Urbantke for

discussionsandhints.

§ 1. DERIVATIONS ON THE ALGEBRA OF DIFFERENTIAL FORMS

1.1. Let M be a smoothsecondcountablemanifold, let ~2(M) = ~ &l”(M) be the

graded commutative algebra of differential forms. An R-linear mapping

D : fl(M) -÷ ~l(M) is said to be of degreek if D(f2’(M)) c f~h+k(M); andD is
said to be a (graded)derivationof degreek if furthermore

~ for ~

Let Derk~(M) be the linear space of all derivations of degree k and let
Der ~Z(M)= eDerkfl(M) be the spaceof all derivations.

PROPOSITION. Der~2(M) becomesa gradedLie algebra with thegradedcommuta-

tor

ED1, D2] = D1 o D2 — (— l)”l”2D2 o D1, D. E Derk~Z(M).

This means that the bracket is graded anticommutative, [D1,D2] = —

_(_ 1)kIk2[~ D] and satisfies the graded Jacobi identity: [D1, [D2,D3]] =

= [D1,D21,D31 + (~l)”1”~[D~,[D1,D3]] (so ad (D1) = [D1, .j is itselfa deriva-
tion).
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The proofis by computation.

1.2. A derivationD E Derk&2(M) is calledalgebraic,ifDI f~°(M)= 0.
ThenD(f- çf.~)= f. Dçb forfE C(M) andD is tensorial..
FurthermoreD is uniquely determinedby D fi ‘(M) : ~ ‘(M) ..÷ ~k +

which is inducedby a vectorbundlemapping K : T*M ~ Ak + 1 T*M, which we
view as an elementof ~ 1(M; TM), the spaceof all TM-valued(k + 1)-froms
on M. We write D = i(K) and note the defining equationDØ= ç1 o K for ~

E

PROPOSITION. 1. For q~E ~2”(M) and X~,E~((M)(the spaceof vectorfIelds) we

have:

(i(K)çt) (X
1, ... ,Xk+h) =

= (k + l)!(h — 1)! OESk + h signaØ(K(X01,.. . , X0~+1)~’XU(k+2), . . . , Xo~~).

Note that this formula makessensealsoif~E &2’(M; E) is a vectorbundlevalued
differentialform.

2. For K E ~k1+ ‘EM; TM) the derivation [i(K1), i(K2)] is againalgebraic,so it
is of the form i([K1, K2]) for someunique [K1,K2] E ~2k1+k2+l(M; TM). With

the bracket [ , 1, fl ‘~ ‘(M, TM) becomesalso a graded Lie algebra. We have
[K1,K21 = i(K1)K2—(— l)klk2i(K)K (see1).

In [11the expressioni(K)cb is denotedby cb 7~K. If XE &2
0(M; TM) is a vector

field, then i(X) isthe usual insertionoperatorof degree— 1 on f2(M).

1.3. The exteriour derivative d is also a derivation of degree1, which is not

algebraic.In view of the well known equation0(X) = i(X)d + di(X) (0(X) the
Lie derivation, X a vector field) we define the derivation 0(K) : = [i(K), d] E

E Derk~2(M)for KE ~1’(M; TM) and call it the Lie derivation along K. Note
that O(IdTM) = d.

PROPOSITION.Any derivation D E Derk~2(M)can uniquely be written in the
form D = 0(K) + i(L) for K E ~z”(M; TM) and L E ~k + 1(M; TM). D is algebraic

if andonly ifK = 0. [D, d] = 0 if andonly if L = 0.

Scetchof proof: Let X
1 E.~((M)be vectorfields.Thenf ‘-‘~(Df) (X ~ Xk)

is a derivation (of degree0) of C(M) = ~2°(M), so it is given by theactionof a
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vector field K(X1 Xk), which is skew and C(M)-linear in the X1, soKE
~k(M. TM). Then D — 0(K) is algebraic,so equalsi(L) for someL.

Note that [0(K), d] = 0 by thegradedJacobiidentity.

1.4. DEFINITION. Let K1 E cZ”(M; TM). Then clearly [0(K1), 0(K2)], d] = 0. So

by 1.3 [0(K1), 0(K2)] = 0([K1, K2J) for some unique [K1,K2] E I2k1~C2(M;TM),

which is calledthe FrOlicherNijenhuisbracketof K1, K2.

1 .5. PROPOSITION. 1. With the FrOlicher Nijenhuisbracket thespace&7 (M, TM)

becomesagradedLie algebra.

2. For vectorfields X, Y thebracket [X, Y] is the usualLie bracketofvector
fields.

The proofis clear.

1.6. PROPOSITION. For K E f~k(M; TM) andL E ~h +

1(M; TM) we have

[0(K), i(L)] = i([K, L]) — (— 1)”~O(i(L)K).

Proof [0(K), i(L)] + (— lY~”0(i(L)K) vanisheson ~Z°(M), so is algebraic.By

the graded Jacoby identity we get [0 (K), i(L)], d] = [i([K, L]), d], and since
[. , d] is injectiveon algebraicderivationsthe formula follows.

1.7. PROPOSITION. 1. The spaceDer ~2(M) is a gradedmoduleover thegraded
commutativealgebra ~7(M) with theaction (çbAD)~ti= ~ADiIi.

2. ForD
1 E Derk ~l(M) and0 E &2~(M)we have

[ctiAD1,D2] = çbA[D1,D2] _(_

3. ForL E~(M;TM) we havei(OAL) = OAi(L).

4. For K E ~7
1’(M;TM) wehave0(cbAK) = ~ ‘\O(K) + ~ + k dO Ai(K).

5. F
0rL1E&Zhi+l(M; TM) we have

[0 AL1, L2] = OA [L1, L2] — (_ 1)(q+h1)h2 (L ) 0 AL1.

6. For K. E ~ki(M. TM) we have

[OAK1, K2] = OA[K1, K2] — (_ ~ +k1)k20(K )çbAK1 +

+ (— 1)~+kI dO •(K) K2.

7. For X, YE~(M),0 E ~~(M), ~ E ~(M) wehave:

[Ø®X,qi®Y]=~A1p®[X,Y]+0A0(X)1P®Y0(fl0AIP®X

±(_1)~(dØAi(X)~,®Y+i(Y)cbAdl,L1®X).
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Proof For 2, 3, 4 just compute.For 5 computei([0 AL1,L2]). For 6 compute
0([0 AK1, K2]). For 7 use6.

Now we include two resultswhich will not be essentialfor the following, but
they probably give some insight into the Frölicher Nijenhuis bracket.We only

sketchthe proofs.

1.8. PROPOSITION.For KE ~~(M; TM), OE &~h(M) X1 E~i(M) we have

=

= ~ signaO(K(X01,..., X k))(O(XC(k+ ~ X(k +h~+
k’h’ aES

+ — 1 V~signa 0([K(X01,..., XGk), Xa(k + 1)” XO(k + 2)’”’ XU(k +h)~+
k!(h—l)! ~-‘

(....1)k_1

+ ‘V’ ~ ., X0~k~~).
(k—l)!(h—l)!2! ~

This can be provedby combinatoricsstarting from the formula in 1.2.1 (diffi-
cult), or by puttingK = ® X andusing 1.7.4.

1.9. PROPOSITION.For K E &2k(M; TM) and L E ~Tl!’(M;TM) wehave

[K,L](X1 Xk+h)=

= — V~ signa [K(X01,...,XGk), L(XO(k + 1)’”” X(k + h)~]+
k’h’ oES

+ —1 E5~~UL([K(Xol~..•,Xak),XG(k+l)],Xc(k+2),...,XC(k+h))+
kl(h—l)!

+ V~signaK([L(XO1,...,X0~),X0(~~1)],X(h+2 ,XU(h+k)) +
(k—l)!h! ~-

(....flk_1

+ ~ signa L (K([X X 2~’x03 XU(k + 1)~’XO(k~2)’”” XO(k+h)) +
(k—1)!(h— l)!2! al 0

( 1)(k_1)h :
+ ~ signa K(L ([X~1, X02], X03,..., XO(h+ 1)~’XG(h+ 2)”” XU(h+k)).

(k—1)!(h— 1)!2!



72 P.W. MICHOR

For the proof the following conceptsare used:let E -+ M be a vector bundle.

A derivation D of the graded ~(M)-module ~2(M;E) is a pair (D,.~) such that

D(wA’I’) =~wA’I’ + (~I)” wAD’F for some~: ~2(M)-+ ~(M), w

‘I’ E~2(M;E).Then 15 is uniquely determinedand is in Derk&2(M). The graded

commutator [D1,D2] makesDer ~2(M;E) into a graded Lie algebra.For KE

E f2(M; TM) the operatori(K) is in Der fl(M;E). Any covariantexteriourderiva-

tive V is in Der ~2(M;E). So is e~(K): = [i(K), Vi, thecovariant Lie derivative

alongK.
If V is a torsionfreecovariantexteriourderivativeon the tangentbundle TM,

then [K, L] = eV(K)L — (— 1)~e~(L)K.Via this formula, the analogue of

formula 1.8 for ®V(K)L implies 1 .9.

§2. HAMILTONIAN MECHANICS

2.1. Let (M, w) be a symplecticmanifold, so wE f2(M) is a 2-form, dw = 0, and

TM -÷ T*M is a fibrewise linear isomorphism,where (cX(X), Y> = w(X, Y).
We have(~~)*= — cX,, so dim M = 2n andw A. . . A w (n times)is avolume form.

2.2. Put (~~)_1= : p : T*M -+ TM, afibrewiselinear isomorphism.

For a function fE C~(M)defineHf : = pdf, the Hamiltonianvector field with
generatingfunction f. Hf is uniquely determinedby the equationw (Hf~X) =

= df(X) = Xf for any vectorfield X, or i(Hf)w = df.
We alsohaveH(fg) =Hf g+fJJ.

2.3. Define the Poissonbracket{f,g }of two functionsby

{f,g} : = w(h~~,H1) = i(H1)i(Hg)W = i(H1)dg = e(H1)g.

Then (C(M), { , }) is a Lie algebra(see2.4) and f, gh } = f, g } h + g f, h },

so ad: (C~(M),{, }) -÷ Der (C~°(M), . ) is a Lie algebrahomomorphism.

2.4. PROPOSITION. Let.~T0~~..0(M):={XEeI(M) :®(X)w = o}. Then this is
a Lie subalgebra0fgT(M)and wehavethefollowing exactsequenceofLie algebras

andLie algebra homomorphismswith the indicatedLie brackets:

i H ~ 1
~ (M)-+0

0 {,} [,] 0.

Proof us theembeddingof the locally constantfunctions.If Hf = pdf= 0, then

df= 0, sofis locally constant,fEH
0(M).
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= i(Hf)w + di(Hf)W = 0 + ddf= 0, soH takesvalues~ =

Now H(~f,g}) = [Hf. H~]follows from

i(H~f,g})w=d{f,g}=de(Hf)g=e(Hf)dg=

= ®(Hf)~(Hg) — i(H5)O(H1)w, since e(H~)w = 0,

= ~ by 1.6.

For X E~((M)we have 8(X)w = 0 + di(X)w, so i(X)w is closedif and and
only if 8(X)w = 0. Thus ‘y :.~T )~)Q(M)-+H(M) is well defined, where
y(X) is the (de Rham) cohomology classof i(X)w. Furthermore‘y(X) = 0 if
i(X)w is exact, that is i(X)w = df for somef, but then X = Hf. So ker ‘y =

= im H.
ForX, YE~1~)W...O(M) we haveby 1.6:

i([X, Y])w = [e(X),i(Y)]w = 8(X)i(Y)w —0 =

= i(X)di(Y)w + di(X)i(Y)w = 0 + di(X)i(Y)w

so ‘y([X, Y]) = 0.
H°(M) is in the centerof (C(M), { , }), for df = 0 implies { f, g } = ®(H1)g =

= e(0)g = 0.
Finally weshowthat { , } is a Lie bracket:

{f,g} = W(Hg~Hf)= — w(H1,H5) =

{{f,g},h}= ®(H{f,g})h = 8([H1,H~j)h = [e(H1),e(H~)]h =

=e(H1)e(Hg)h—e(Hg)e(H1)h={f,{g,h}}—{g,{f,h}}. •

§ 3. THE GENERALIZED HAMILTONIAN MAPPING

3.1. Let (M, w) be a symplectic manifold. Recall the fibrewise isomorphism
p = ~ 1: T*M -+ TM from 2.2. We extend p to a module valuedderivation of

degree— 1 (see 3.2.1 below)p : ~7(M)—* fl(M; TM) by putting:

p(~1A.. .A~) = 1)
1’~A.. ~ .

~ ~E~21(M);

p &2°(M)= 0.

3.2. ~(M; TM) is a graded left f~(M)-moduleand also a graded right ~7(M)-
-moduleby OAK = (— ~ for 0 E ~2~(M)andKE ~7k(M;TM).
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LEMMA. 1. p(ØA i,Li) = p(0)A~1’+ (— l)~OAp(iP)for 0, /i EfZ(M), 0 of degree
q.

2. i(p~)w=(_1)~_~.q.Øfor~E~7~(M)

3. [p,i(Ø ®X)] =pi(0®X)—(— l)~’i(~®X)p=pOAi(X), OEfl”(M),
XE~flM).

Proof 1. is clear.2. take 0 = 01A.. . A~for ~ E ~TL’(M)andcompute.3. p is a

derivation ~ (M) -÷ ~ (M; TM) of degree— 1 by 1, i (cb ® X) : f2(M) -÷ fl (M) is a
derivationof degreeq — 1, and i(çb ®X) : ~2(M;TM) —~&2(M; TM) is also aderiva-

tion of degreeq — 1 of the I~(M)-modulein the senseindicatedin 1.9. So the
graded commutatorin 3 makes senseand is a derivation cL(M) -÷ fl(M; TM) of

degreeq — 2 which vanisheson ~°(M) and it is thereforeuniquely determined
by its action on ~2

1(M). The same is true for P0 - i(X) : f~(M)-+f~(M;TM).

So it sufficesto checkthe equationon 1 -forms: i~E ~2’(M).
pi(çb ®X)’4’ —(—l)~~hi(Ø®X)pI,11 =p(ØAi(X)~1.’)+ 0

sincep~liis a vectorfield and i(X)~fi E ~l°(M) since= p0Ai(X)~Ji+ 0.

3.3. Define ~ :~Z~c(M)~*f~k_l(M;TM) by ~(0)= (
1)k1 P0 fork >0 and

~ &~°(M)=0. Then i(pçb)~=0 for degree0>0, and~ : &2~(M)zk>

-+~2(M;TM)isarightinversetoi(.)w:&2(M;TM)-+~~(M).

Sinceboth operatorsare algebraicandhenceof constantrank we may consider
the sub vector bundle E” : = ker i( . )w C_4A’c T*M ® TM over M and we put

£ = 0 Ek . NotethatE° = 0 andEthmM = AdImM T*M 0 TM.
‘~ k>O ~ (.)

Furthermorewe have Ak T*M 0 TM = Oim ~j A’ + lT*M and in turn

ç~k(~TM) = F(E~) o im ~1~k+1(M) = F(E~)of~k+ ‘(M),

~2(M;TM)= F(E )0im~=F(E()0&2~(M).

The projection onto im ~ is po i( . )w, that onto ~2
1(M) is i( . )w, than onto

r’(E) is Id —poi( . )w = :P. I’(E~)is a gradedfl(M)-module, sincei(K)w = 0

implies i(çbAK)w= OAi(K)w = 0. Note that~is no longera derivation.

3.4. Now we define thegeneralizedHamiltonianmappingH : &2(M) -+ ~2(M;TM)
by H,~,= H(çb) : = pd0E ~k(M; TM) for 0 E ~k(M) For fE C(M) we get the
usualHamiltonianvectorfield Hf discussedin § 2.

LEMMA. 1. i(H,~,)w= (~
1)k ~(k + 1) ~d0for0 E&2k(M).

2.
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3. H(OAi~D)=H4A0~
4. ~ for deg(~)=kand deg(%Ji)=q.

5.H(fdflA...Adfk)= ~ (—1)’dfQA...df...Adfk®H.

/=0 1 fj
Proof 1. i(H4)w=i(pdo)w=(_1)k.(k+ 1)~d0by3.2.2.

2. ®(H,~)w= [i(H4), d]w = i(H~~,)dw ~ 1)kl di(H4)w = 0+(k +1)ddçb=

= 0 by 1.
3. H(çbAi~i)= pd(~A~~ti)= p(dçbAqi+ (— l)

1’çbAd~i)
= pd0Ai~i+(— 1)1’~’d~Ap~+ (~1)kp~AdJi+ 0Apd~
=H

4AO +ØAH~,+(_1)”(p~Adi~,—d~Ap~).

4. H(dOA ~i) = 0 + d0AH~J+ ( 1)k + ‘(pdO Ad ~i —0) by 3

= d0AH~—(— 1)’~H4AdlJ1= d0AH~ j flkq di~1AH~.
5. H(f0df~A.. . Adfk)=HfAdflA. . .Adf,~+ 0 + (— 1)°(0—df0Ap(d~. . .df,~))

by 3

=dflA...Adfk®Hf—dfoA~(—I)1dflA...d~...Adfk®d~

by 3.1
k

= ~ (—l)/df~A...df...Adfk0Hf.
j1 I Jj

3.5. We considerthe following sequnece:

1. ~

HereZ(M) is the spaceof closedforms,i is the embedding,~o(.) = 0(M; TM) : =

={KE cZ(M; TM) : e(K)w = 0), ‘y(K) is the cohomologyclassof i(K)w (see3.6
below), ‘y hasdegree+ 1 as indicatedin the sequence,andP is the fibre projec-

tion Id —poi(.)w of 3.3.
Now let B(M) bethe spaceof exact forms,so Z(M)/B(M) = H(M). We consider

also the following sequence:

2. ~

Note that the <<degree0 part>> of both sequencesis the <<usual Hamiltonian

sequence>>of 2.4.

3.6. LEMMA. Thesequences3.5.1 and3.5.2are bothexact.

Proof We only haveto showthat thefirst sequenceis exact.

Exactnessat Z(M) is clear.
Exactnessat fl(M) :H4=pdcb=0 if and only if dO=0 since pl.~2(M)is

injective.
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Exactnessat ~ 0(M, TM):

PH(cb) = (Id —~oi(.)w)pdcb= pdçb —~i(pd0)w=

=pd~—pi(pdØ)w=pd0—pdcb= 0 by 3.3.

Let KE ~ 0(M; TM). Then0 = E~(K)w= 0—(— l)”~
1di(K)w,so i(K)w

is closedand7(K) = [i(K)w] EH”~(M) is well defined.Sincei(H~)w = (—1)”
(k + 1) . dO is exactwe have7(H~) = 0. Now supposethaty(K) = 0 andP(K) =

= 0. Then 0 = P(K) = K —~i(K)w, so K = pi(K)w; furthermore y(K) = 0

meansi(K)w=d~forsome~E~2c(M),soK=~i(K)w=~d0=(_l)k

ExactnessatH*+l(M) oF(E~):Let[O]EH~1(M),so0E&2~’(M),d0=0.
so

and i(pcb)w = 0, so7(~Ø)= [0] and7 is surjective.
Let KE ~(M; TM). Then KE r(E~) if and only if i(K)w = 0. But then

cleraly ®(K)w = 0 —(— l)1’~di(K)w= 0, so KE f2
0~,~0(M,TM) and

P(K)=K, y(K)=0. So finally PQ5ç6+K)=K by 3.3 and 7(~0+K)=[0],

thus7 + P is surjective.

3.7. LEMMA. ~ ..0(M; TM) is a graded Lie subalgebra of~TZ(M;TM). For
K, L in thisspacewehavei([K, L])w = dA(K,L)w, where

A(K, L) = (— l)”i(K)i(L) ( 1)(k_1)l i(i(L)K)E Endk~12~2(M)

= —(— l)~”~’~’i(L)i(K)+ (~1)k i(i(K)L) =

(— 1/’
= (1 (K)i(L) + (— l)k_~I_~i(L)i(K) +

2

+ i(i(K)L + (— ~

Proof 8(K)w=0, ®(L)w=0 implies 8([K,L])=[e(K),e(L)]w=0.

i([K,L])w = [9(K),i(L)]w +(— l)”~’
08(I(L)K)w by 1.6

= 8(K)i(L)w —(— l)k(Z_~~i(L)e(K)w + (
1)k(l1)(0 — ( flk ~‘

2di(i(L)K)w)
= i(K)di(L)w — (— I)” ‘di(K)i(L)w — (— 1)~”~~~’di(i(L)K)w
= d((—

1)k i(K)i(L) — (— l)’~’i(i(L)K))w
= dA(K, L)w.

Now recall that [i(K), i(L)] i([K, L] ) and[K, L] - = i(K)L — (— 1 )(k1X11) i(L)K
from 1 .2.2 and use this to transformthe first expressionfor A (K, L) into the

secondone. The third expressionis then the arithmetic meanof the first and

the second.
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Remark. 1. It follows, that the mapping 7 in the sequencesof 3.5 inducesthe

bracket0 on H*+ ‘(M).
2. Note the graded anticommutatori(K)i(L)+ (— 1)~~’~i(L)i(K) and

similar things in the expressionof A (K, L). Here graded Jordanalgebrasmake

their appearence.

3.8. Remark. F(E~)c~2~)~..0(M;TM) is not a graded Lie subalgebrafor
the FrölicherNijenhuisbracket,if dim M> 2.

Proof K=i(Hf)w®Hf=df®Hf and L=dg®Hg, then K,LEF(E~), but
i([K, L])w = dA(K, L)w = d{f, g}AdfAdg which is not 0 in generalif dim M>

>2.

3.9. Remark. The kernel of P : fl~~1 0(M; TM)-÷r(E~)is not an ideal for
the FrölicherNijenhuisbracket.

Proof Let K=df ®HfEF(E(~).Theni([K, Hg])W =dA(K, H5)w =df®H~f,g)+

+ d{f, g}® Hf which is not 0 in general,if dim M> 0. U

3.10. LEMMA. 1. i(0®X)H~,=—0Api(X)d0 for 0,~iE,~Z(M),XEe((M).

2. i(i(K)H~,~)= (— I)”~k i(K)dIP for ~i E &2’~M),KE &Z(M; TM).

Proof 1. i(O®X)H~=i(0®X)pdiji =[i(0 ®X),p]d~i+(— l)”~pi(0®X)d~’
= (— l)~’p~Ai(X)d~1i—(— 1)”p(OAi(X)di,li) by 3.2.3

= (~l~t~pçtAi(X)d~i— (— 1)”p~Ai(X)d~’— 0Api(X)d~1

by 3.2.1

= — ØApi(X)d~i.
2. i(i(0 ®X)H)w = i(—cbApi(X)d~)w by 1

= —0Ai(pi(X)d~’)~.~= — OA(—1)”
1 k ~i(X)diJi

by 3.2.2
=(—l)”~ki(0oX)d~(i. U

3.11. LEMMA. [X,H~] =H(e(X)Ø), for 0E~2(M). XEfZ~)
0(M; TM)=

~ = 0(M). If thedegreeofX is not0, then this is wrong.

Proof Let us first take 0 = fE C(M). Then by using3.7 we get i([Hf~ X])w =

= dA(H1,X)w = di(Hf)i(X)w —0 = —di(X)i(H1)w = —di(X)df= —d(Xf).

So by 2.2 weseethat [H1, X] = — H(XD.
Now in general we may take 0 =f0df1A. . .Adfk. Then we use 3.4.5 and

l.7.6toget:
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[H~,X][~(—l)idfØA...d~...Adf~®Hf,X]r

=~(_l)/(dfOA...d~...Adfk®[H[,X]_e(X)(dfOA...d~...Adfk)®Hf +0).

This turns out to be —H(O(X)0) by using the derivation propertyof ®(X) and

the equationabove. •

§4. THE GENERALIZED POISSONBRACKET

4.1. Let (M, w) be again a symplecticmanifold.ConsiderthegeneralizedHamil-
tonian mapping H : fl(M) -+ fZ(M; TM). We want to find a graded Lie bracket

{ , } on fl (M), generalizingthe Poissonbracketof §2o &2 0(M) suchthatHbecomes
a homomorphism.It will turnout that thisisnotpossible,butthat thereis agenerali-
zedPoissonbracketon

Supposethat thereis a generalizedPoisson bracket{ , } on 12(M). Then we
have i(H{0,~1i})w=(—l)””(k+l+ 1)d{0,~1i} by 3.4.1 for deg(~)=k,

deg(t,li)=l. On the other hand i(H{0, ~i})w =i([H
0,H~])w =dA(H~f,~HcL)W

by 3.7.

Soweget{0, ‘= k+l+ 1 ~ +somethingclosed.

One can show that this equalsi(H~~,)d~l’+ somethingclosed, so we start our
investigationwith i(H,~,)diIi.

4.2. Define(0, ~‘}‘ :=i(H~)d~~for 0, ~iE&2(M). Forf,gEC(M) the function
~f, g}’ coincideswith the usual Poissonbracketof § 2.

LEMMA. I. {dOAI/1,r}
1 =d0A{~i,r)1 _~

1)kl d~iA{0,r}’ for deg(0)=k,

deg(u’) = 1.
2. {0~~~}

1= _(_

1)kl {~,0)’
3. H({0, ~‘}‘)= ~

4.{fJdf,A...Adf~,g0dg1A...Adg1P=
~

5. The bracket {, }1 doesnotsatisfythe gradedJacobiidentity.See4.4below.

Proof 1. {d0A0,r}1=i(H(d0AO))dr=i(d0AH~,_(_l)”diAH~,)drbY3.4.4
=d0Ai(H~)dT—(—l)~dI1IAi(H~)dT by 1.7.3

=dOA{0,r}’—(— l)”d~i A{0,r}’.

2. We useinductionon k + I :{f,g)= —{g,f} holdsby §2.
For the general induction step it suffices to consider {fdo, ~1j}1, since the

bracket is local.
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{fdo, 0)1 {dOAf i,li}’ dOA{f, IP}’—dfA{O, 0)’ by 1,

= —dOA{IJ1,f}’ + (— l)~ dfA{0, 0)’ by induction.
= i(H~)d(fd0)= i(H1)(dfAdcb)= i(H~)dfAdO+ (_ l)’’dfAi(H~)d0

= { ~P,f)
1Ad0—(_ 1)1dfA{~1i,0)’ (

1)(k + 1)1d0A{i~li,f}’— (—1)’ dfA{0, 0)1

= — ( 1)(k + 1)1 {fdo, 0)1 by theexpressionabove.

3. We useagaininductionon k + I: Fork + 1 = 0 this is true by §2.
Sincebothsidesarelocal, it sufficesagainto considerH({fdo, 0)’)

H(~[fd0, 0}
1)=H(d0A{f,0}’—dfA{0,~P}1) byl

(3.4.4) = dOAH({f, i,Ji)~)—(—l)”~’d~f,iji}’AH,
1,—dfAH({O, IJ1)’)+d{O, ~P)’AH1

= d0A[Hf~H~,]—(—l)”zd{f, ~J’}’AH,~—dfA[H~,H~]+d{0, 0}’AH1.,
by induction.

[H(fd0),H~] = [d0AH1—dfAH~,H,~,] by 3.4.4

= d0A[Hf~ H~]_~ 1)(k+ 1)1 ®(H~,)d0AHJ+ 0 by 1.7.6
—dfA[H~~,,H~]+(— 1)~’e(H~)dfAH~+0

= d0A[Hf, H~] ~ 1)kl di(H1,)d0AHf
—dfA[H,~,H~L,]+(—l)”di(H,,)dfAH~1,

=d0A[Hf~H~]—(—l)~d{0,0}’AH1
—dfA[H~,H,,~]+ (~1)kl d{IJI,f)

1AH~

= d0A[JIf~Ii~] +d{0, 0}’AH~—dfA[H~,H~]—(—1)”d{f, 0)1AH,,, by 2

= H(~fd0, 0)1).

4.{f
0df1A...Adf~,gØdg1A...Adg1}’=i(H(f0df1A...Adf~))d(g0dg1A...Adg1)
=i(~(_l)’df0A...dJ~...Adf~®II,,.)(dg0A...Adg1) by3.4.5

=~(—1)’df0A...d)ç...Ad.~Ai(Hf)(dgØA...Adg,) byl.7.3

=~(_l)1df0A...d~...Adf~A~(_1)1dg0A...Ai(Hf)dg/A...Adg1

=~(_1)l+/{~,gJ)df0A...d~...Adf~Adg0A...dgf...Adg1.

4.3. Define{0,0}~:=e(H~)0=i(H,,)d0+(~1Y’di(H4,)0={0,0}
1+(—l)”di(H

0)0
for 0 E 12”(M), ‘P E 12(M). For f, g E C~(M)the bracket { f, g}

2 is again the
usualPoissonbracketof §2.

LEMMA. 1.{~,’PAr)2_—{~,’P}2Ar+(_l)”~JiA{0,r}2AforAdeg(0)=k and

deg(0) = 1.

2. H({0, 0)2) =

3. } 2satisfiesthegradedJacobiidentity in theform

{0~{ ‘4’, r}2}2 = {{0~ ‘4~}2,r)2 + (~1Y”{0,{ 0~r}2)2.

4. {f
0df,A.. .Adf~,g0dg,A..
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=~(—1)’{~,g0)df0A.. .d~...Adf~Adg,A...Adg1

s~{ , } 2 isnotgradedanticommutative,wehave

{o, ~,}2 + (~1)” {4’, 0)2 = (— 1 )kd(i(H) ‘P — (— ~

Proof 1. {0~ ‘PAr}
2= 8(Hq)OPAT)= e(H,)’PAr+(—

1)kl ‘PAe(H0r
={0, ‘P}

2Ar + (_ ~)k1 ‘PA{O, r}2.

2. H((0, ‘P)2) H({0 ‘P}1+(_ l)kdi (H
0)’P)rrrH({0, ‘P}’)+ 0= [H,,,H~,]by4.2.3.

3. {~,{ i1i,r}~ = O(H,/,)e(H\)r = [e(H~,e(H)]r + (— 1)~e(f.ç)e(H0)r
= e([Hq,, HJ) + (— l)”

t&(H\L)O(HØ)r by 1.4
= ®(H({0, ‘P}2))r + (— l)kle(H)e(H~)r by 2

= { {O~‘P)2, r}2 + (_
1)kl {‘P {0~r}2}2.

4.{f0df1A...Adf~,g0dg1A...Adg1}
2=

= {fØdf
1A...Adf~,gØdg,A...Adg1}

1 +(— 1~~di(H(f
0df,A...Adf~))(g0dg1A.. .Adg1)

=~(—l)’~’{J)dfØA...dJ~...Adf~Adg0A...dg....Adg1 by4.2.4

+ (_ 1)kd(~(— 1)’ df0A. . .dj~. . .Adf~Ai(Hf)(g0dg1A. . .Adg1)) by 3.4.5

The secondexpressionequalsin turn

(— l)kd(~(— 1)
1df~A.. .d~. ..Adf~Ag

0A~(— l)/’dg~A.. .Ai(~)dg1A...Adg,)

=(_1)k_
1E ~(_l)1d(gØ{~,g/})dfØA...d~...Adf~Adg

1A...dg/...Adg1
i=0/= 1

~
i=O/=1

_(_l)kE ~
i=0j= 1

Puttingthis backweget the formulain the lemma.

5. {o~‘P}2+ (.....l)kl{’P,O)2{O, 0)1 + (—l)’~di(H~)‘P + ( l)kl({’4,0}1 + (—l)’di(H)O)
= 0 +d((—l)”i(H~~,)’P + (—l)~~i(H~,~)0) by4.2.2

= (~1)”d(i(H~)’P —(— l)(/c_ml_l)i(Hq,)0). •

4.4. COROLLARY. {0, {‘P~r}
1 }‘ — {{0~ ‘P}’~ r)’ — (_ l)kI{’P { 0~r}’}’ = — dA(H~,

H~
1)dr,where A(K, L) is from 3.7, and this is not 0 in generalif dimM> 2.
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Proof {0,{’P,r}2}2={0,{0,r}2}’+(—1)’~di(H
0)({0,r}

2)

={0~{~P,r}1}’ + {O~( l)1di(H~)r)’ + (— l)1’d~(Hq~)B(H~)r

={0~{’P~ r}1}1 + (_ l)kdi(Hct,)e(H~)r.
Plug this and similar expressionsinto formula 4.3.3 anduse 1 .6, 4.3.2 and3.7 to
derivethe result.

To seethat this doesnotvanish in generalwe use canonical(Darboux-)coordi-
nates(q’,p

1) on M and choose0 = ~ p1 dq, ‘4’=f, r =g. Then H(0) =Id~E
12’(U, TU), where U is the coordin~stedomain, and —A(H0,Hf)dg = d{f,g},

which is not 0 in general. •

4.5. COROLLARY. If we try to make{ , }2 gradedanticommutativeby force, i.e.
if we put{O,’P}

3 :={O,’P)2_(—1)”{Vi,0}2=8(HØ)’P—(—1)”~8(H\L,)0,then

{0~ { 0, r)~}~—{{O~o}~, r}~— (— 1)”{i,L’, {0~r}’}~ = — (— l)M+1cm~{’4,,r}2, 0)2 +

+ (— 1 )kl {{P, 0)2, r}2 — (— )km + Im {{r, 0)2, 0)2.

The secondexpressionis a form of the graded Jacobi identity which would

be equivalent to 4.3.3 if { )2 were gradedanticommutative;howeverit is not
0 in general.

Proof Write out the definition of { , } ~and use threetimes the gradedJacobi
identity 4.3.3 to get the formula. For the last assertionchooseagaincanonical
coordinates(q’,p,) and 0 = p

1, 0= ~ p, dq
1, r = (q1)2. Then the first two terms

in the secondexpressionvanishand the third onegives 2dq1 up to a sign. U

4.6. THEOREM. Let (M, w) bea symplecticmanifold.
1. Thefollowingsequenceis exactandconsistsofgradedLie algebras:

0 ~÷H*(M) -÷12(M)/B(M) —~* &2~)W_O(M; TM),

0 {,) [,]

where the bracketsare written below the spaces. The graded Poisson bracket

} is inducedfrom { , )~or { ,~2 on 12(M). All mappingsare homomorphisms
ofgradedLie algebras.

2. 12(M)/B (M)~*12~)Wo(M;TM)~H*+1(M)0F(EW)~0

is also exact,but there is no compatiblestructure of a graded Lie algebra on
I’(E ).

iAny K E 12”(M; TM) inducesan operator0(K) : 12(M)/B(M)-÷12(M)/B(M)
ofdegreek. For ~, ~E 12(M)/B(M)we haveB(H~.)Vi={~, ‘P). so ®(H=(cb,Ø)

(= 0 for evendegreeof~((conservationofenergy~in this case).
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4. 12(M)/B(M) is no longer an algebra, not even a 12(M)-module.But it is a
graded Z(M)-module.

Proof I. See3.6 and §4.

2. See 3.6,4.4 and 4.5.
3. Since [0(K), d] = 0, 0(K) factors to 12(M)/B(M).
4. B(M) is a gradedideal in Z(M), but not in 12(M). •
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